We compute the running QCD coupling on the lattice by evaluating two and three-point off-shell gluon Green functions in a fixed gauge and imposing non-perturbative renormalisation conditions on them. Our exploratory study at β = 6.0 on a 16 4 lattice shows that for momenta larger than 2 GeVthe coupling runs according to the 2-loop asymptotic formula, allowing a precise determination of the Λ parameter. This leads us to the prediction Λ (0) M S = 0.34 ± 0.05 GeV. Our renormalisation procedure corresponds to a momentum subtraction scheme in continuum field theory. As a consequence, lattice perturbation theory is not needed in order to match our results to the M S scheme, thus eliminating a major source of uncertainty in the determination of α M S .
Introduction
The running coupling α s (µ), where µ is a momentum scale, is a fundamental QCD quantity providing the link between low and high-energy properties of the theory. Given a renormalisation scheme, α s (µ) can be measured experimentally for a wide range of momenta. A precise determination of α s (µ) (or equivalently of the scale Λ determining the rate at which α s runs) is extremely important as it would fix the value of a fundamental parameter in the Standard Model, providing bounds on new physics. Renewed interest in a precise determination of α s has been recently triggered by some experimental results: LEP/SLC data seem to indicate a systematic discrepancy between low-energy determinations of α s (M Z ), obtained by running a lowenergy measurement up to the Z scale, and the actual measurement at the Z peak [1] . Using the value obtained at the Z peak leads to a problem in the interpretation of the R b measurement within the standard model. For all these reasons, computing the QCD running coupling can be considered as a major challenge for the lattice community.
In this respect, several different lattice definitions of the renormalised coupling have so far been investigated [2, 3, 4, 5] . Apart from the static quark potential approach [4] , which in turn involves a phenomenological parametrisation of the interquark potential, one feature of all other definitions of the coupling is that lattice perturbation theory (LPTH) has been used in order to directly convert the measured numerical value into a value for α M S . Despite recent proposals to improve the convergence of LPTH series [6] , this step still provides one important source of systematic errors in the final prediction for α M S . At present, systematic errors, namely quenching, discretisation effects, finite volume effects and LPTH, dominate statistical ones for state-of-the-art computations.
We investigate here a more recent proposal [7] for the determination of α s from the renormalised 3-gluon vertex. This is achieved by evaluating two and three-point off-shell Green's functions of the gluon field on the lattice, in the Landau gauge, and imposing non-perturbative renormalisation conditions on them, for different values of the external momenta. By varying the renormalisation scale µ, one can determine α s (µ) for different momenta from a single simulation. In practice, for a given choice of the lattice parameters, one needs to choose the renormalisation scale in a range of lattice momenta such that both finite volume effects and discretisation errors are under control. If such intermediate momentum region exists and if it corresponds to physical momenta such that the coupling evolves according to the 2-loop asymptotic formula, then we can get a meaningful measurement of α s (µ) in our renormalisation scheme. This can then be related perturbatively to other definitions of the coupling.
As will be explained in the following, a crucial feature of this procedure, which corresponds to momentum subtraction renormalisation in continuum QCD, is that renormalised Green's functions do not depend on the way the theory was regularised, thus they do not depend on the lattice. As a consequence, LPTH is not needed in order to relate the measured coupling to α M S , and the relation between the two schemes can be entirely computed in continuum perturbation theory. An analogous non-perturbative approach has been recently applied, with encouraging results, to the renormalisation of composite fermion operators [8] . Finally, it is worth mentioning that given the conceptual simplicity of the method, the extension to full QCD presents in principle no extra problems.
The paper is organised as follows: in Section 2 we present the renormalisation scheme and the definition of the coupling. In Section 3 we explain the numerical procedure and we give the lattice results, discussing all sources of systematic errors in the lattice calculation. In Section 4 we discuss the procedure to relate our coupling to α M S and we try to estimate the effect of the quenched approximation. Also, we compare our non-perturbative results with predictions based on the use of LPTH. In Section 5 we summarise our work and we discuss some possible future developments. Finally, the details of the perturbative calculations are given in the appendix.
3. match the result to the MS scheme.
As for step 1, the physical quantities most frequently used in order to determine the value of a are the ρ meson mass, the string tension, the 1P-1S mass splitting in heavy quarkonia (cc, bb -systems) [2] , and a characteristic length r 0 , phenomenologically connected to the intermediate range of the heavy quark potential [9] . Each choice has its theoretical and technical advantages, extensively discussed in the literature.
In this work we choose β = 6.0 and we take the value of a −1 determined by Bali and Schilling [4] in their string tension measurements. These yield a −1 = 1.9 ± 0.1 GeV. We quote a systematic error on the scale to take into account the uncertainty resulting from other possible choices.
In order to define the running coupling -step 2 -we devise nonperturbative renormalisation conditions for the gluon propagator and the three-gluon vertex. To this end, consider the standard lattice definition of the gluon fields in terms of the link variables [10] (we omit the colour index)
where g 0 is the bare coupling constant. From (1) one can define the bare lattice n-point gluon Green's functions, in momentum space:
where · indicates the Montecarlo average and momentum conservation implies
In this paper we adopt the formalism of continuum QCD. Also, we will use some formulae and relations for continuum QCD Green's functions. In fact, the lattice calculation aims to evaluate such Green's functions in the "continuum window", i.e. for a range of parameters such that continuum physics is observed. In practice, this yields the following requirements:
1. β ≥ 6.0 ⇒ a −1 ≥ 2GeV, so that scaling is observed for physical quantities.
2. lattice size L such that La ≫ 1f m, to provide a sufficient physical volume (we work with a hypercubic lattice).
In addition, we need to ensure that all the Green's functions that we evaluate have the same tensorial structure as the continuum ones, i.e. higher order terms in a 2 are negligible. The tree-level form of a bosonic lattice propagator suggests that higher order terms in the lattice spacing are small when the lattice momenta satisfy
where n is an integer. We will use the above relation as a guide to determine the upper limit of the continuum window in momentum space.
The quantities of interest are the (transverse) gluon propagator
(we work in the Landau gauge) and the complete bare gluon three-point function G
B αβγ (p 1 , p 2 , p 3 ), which is related to one-particle irreducible one, by the formula
In order to renormalise the gluon wave function, we impose that for a fixed momentum scale p 2 = µ 2 the renormalised gluon propagator takes its continuum tree-level value. This yields the simple renormalisation condition (the limit a → 0, which corresponds to sending the ultraviolet cut-off to infinity, is assumed in the following)
The above equation defines in a non-perturbative way the gluon wave function renormalisation Z A .
For the three-gluon vertex, we need to choose a kinematics suitable for the lattice geometry and such that the tensor structure of the vertex allows a simple non-perturbative definition of the vertex renormalisation constant.
Recalling the general form of Γ (3) B in the continuum [11] , it turns out that if one evaluates it at the kinematical points defined by α = γ,
in the Landau gauge, then one can write
With such definition Z V also contains a term which is linear in the external momenta but not proportional to the tree-level vertex (see appendix). Notice that the numerical calculation on the lattice for the three-gluon vertex yields directly the product Z −1 V g 0 . At this point we can define the running coupling at the scale µ from the renormalised 3-gluon vertex at the asymmetric point:
This choice corresponds to a momentum subtraction scheme, usually referred to as MOM , in continuum QCD.
Finally, recalling (6), (5) and (8), one can express g R (µ) in terms of the bare Green's functions non-perturbatively evaluated on the lattice as:
The above formula is the basis of our computational procedure.
Numerical Results

Computational Procedure
The lattice calculation was performed on a 16K Connection Machine 200 with code written in CM Fortran. SU(3) gauge configurations were produced using the hybrid-overrelaxed algorithm, where both the Cabibbo-Marinari pseudo-heat-bath and overrelaxed updates were performed on three SU (2) subgroups. We generated two data sets, each comprising 150 configurations, on a 16 4 lattice, at β = 6.0 and 6.2. The β = 6.2 lattices were produced essentially for testing purposes, so that in this paper we only quote numerical results obtained at β = 6.0. Successive configurations were separated by 150 sweeps (every sixth sweep a heat-bath), 1000 sweeps being allowed for thermalisation. Autocorrelations were investigated by performing a standard jackknife error analysis.
A crucial step in the method is the accurate implementation of the lattice Landau gauge condition
This is achieved by using a Fourier-accelerated algorithm [12] . To monitor the gauge-fixing accuracy we compute the quantity
as the algorithm progresses, terminating when θ < 10 −11 (this is close to 32-bit machine precision). Since our calculations involve low momentum modes of gluon correlation functions, the above test is not in itself sufficient since ∆(x) is a local quantity. For this reason, we also compute
In a periodic box, the Landau gauge condition implies that A 0 (t) is independent of t [10] . For our configurations, A 0 (t) is constant to better than one part in 10 5 .
For the purpose of our calculation, the only quantity which we need to store is the Fourier-transformed field A µ (p) for a selected range of lattice momenta. All n-point gluon correlation functions can then be assembled at the analysis stage using eq. (2), where momentum conservation is imposed explicitly.
The calculation of the renormalised running coupling then proceeds as follows. As an initial step, we evaluate the gluon propagator and compute Z A from eq.(6). Next, we compute the complete three-point function G 
Results
All the plots that we show in this section refer to quantities that in the continuum limit are scalars under a Lorentz transformation. On the other hand, both finite volume effects and finite lattice spacing artifacts are a potential source of violations of Lorentz invariance for these quantities. In order to see whether such violations occur, we have used whenever possible different combinations of lattice vectors for a fixed value of p 2 and we have plotted separately the corresponding data points.
The first quantity that we evaluate is the lattice gluon propagator, which is plotted versus |p| = √ p 2 in Fig.(1) . Statistical errors are negligible. As our lattice size is L = 16, Eq. (3) suggests that in order to keep higher order terms in a small we should only use lattice momenta corresponding to n ≤ 3 in each direction. In addition, we will also discard momenta such that
The results in Fig. (1) do not show any violation of rotational invariance. This is a strong indication, although not conclusive evidence, that both finite volume and finite lattice spacing effects should be under control. Thus the above criteria seem to be sufficient in order to eliminate higher order terms in a from the gluon propagator.
Next we compute the gluon three-point function and evaluate the running coupling according to (10) . In the following it is denoted simply as g(µ) and it is plotted as a function of µ = |p| in Fig.(2) .
It is pleasing to note that we obtain again a very clear signal; on the other hand, the data do show now some violations of rotational invariance for momenta lower than 1.7 GeV.
The important physical question is whether it exists a range of momenta such that lattice artifacts are negligible and our coupling runs according to the 2-loop perturbative expression
where b 0 = 11/16π 2 , b 1 = 102/(16π 2 ) 2 and Λ M OM is the QCD scale parameter for the renormalisation scheme that we are using (in the quenched approximation). To answer this question, and obtain a good estimate for Λ M OM , we can compute Λ M OM as a function of the measured values of g 2 (µ) according to the formula
If the coupling runs according to (14) , then we expect Λ M OM as defined from the above equation to be a constant. Given the exponential dependence of
, this test is a very stringent one. As an alternative procedure one could fit the data for g 2 (µ) to formula (14) , with Λ M OM as a parameter, but this would not result in a strong test since (14) only depends logarithmically on Λ M OM . We plot Λ M OM versus µ in Fig.(3) ; it appears that in the range 1.8 < µ < 2.3 GeV the data are consistent with a constant value for the QCD scale parameter and no violations of rotational invariance occur.
In order to extract from the above data a prediction for Λ M OM , we fit the data points in the above range to a constant. This yields
where the first error is statistical and the second one comes from the uncertainty on the value of a −1 .
As far as finite lattice spacing effects are concerned, we have checked that indeed if the lattice momenta are not kept small, Λ M OM is no longer constant as a function of the renormalisation scale, as the higher order terms in a 2 eventually dominate and the two-loop behaviour disappears. This is shown in Fig.(4) .
The issue is potentially more serious for finite volume effects. In fact, as one of the gluons in the vertex has zero momentum, one may think that this could induce a significant volume dependence of the numerical data. Also, Fig.(3) indicates that rotational invariance is to some extent violated for momenta up to 1.7 GeV. To investigate this point we have generated a set of 150 configurations at β = 6.2 on a 16 4 lattice. We observe good agreement for our results for Λ M OM . This indicates that finite volume effects are not too large, at least for the lowest β value. In fact, by changing β from 6.0 to 6.2 (and keeping the size of the lattice fixed), we are changing the physical length of the lattice by 40 % in each direction, yet the results are quite stable within errors.
In summary, we have some evidence that finite volume and finite lattice spacing effects do not significantly affect the data points that we use in order to determine Λ M OM . Of course this is a delicate point which we plan to further analyse by repeating our calculation on a bigger physical volume and for a smaller value of the lattice spacing. Fig.(3) , for a wider momentum range.
Matching to M S
In this section we extract a prediction for α M S from our numerical results for Λ M OM . As already mentioned, the procedure that we adopt avoids the use of LPTH. We also discuss a LPTH calculation which provides some important consistency checks. Finally, we describe an attempt to keep into account the effect of the quenched approximation, leading to an estimate for α
We start from our numerical estimate (16) of the continuum scale parameter Λ M OM . In the continuum theory, one can relate different scale parameters Λ, corresponding to different renormalisation schemes, by means of a one-loop calculation [18] . The general relation between the Λ's in two schemes A and B can be written as
with
where A A,B , which in general depends on the chosen gauge and on the number of active flavours, is obtained from the continuum perturbative calculation described in the appendix. Since Λ is scale invariant, we can let µ → ∞. Thus, because of asymptotic freedom, the ratio (17) to all orders is obtained from the one-loop calculation, even though each scale parameter was defined at two loops.
We obtain, in the Landau gauge and in the quenched approximation
where we introduce a superscript indicating the number of quark flavours in the calculation. This result is in agreement with with previous one-loop calculations of the 3-gluon vertex [19] .
Note that the scheme that we have adopted for the non-perturbative calculation (see section 2) differs from the usual MOM scheme as it contains an extra constant term in the vertex renormalisation constant. This is a linear term in the momenta, not proportional to the tree level vertex, which is equal on the lattice and in the continuum. The coefficient in (19) includes it perturbatively (see appendix).
Using (16) and (19), we can extract Λ
We get
This is the main result of our computation.
Our result can be directly compared with the one of ref. [4] :
At this point, by starting from our result in the quenched approximation we try to give an estimate for the full theory, in particular for α One method that was used in previous determinations of α M S in order to estimate the effect of quenching is the following: one runs the coupling back to very low scales, ∼ 0.7 GeV, using the perturbative 2-loop formula. Then it is assumed that the quenched coupling and the 3-flavour coupling would be approximately the same at such scales, since in principle they should merge in the limit of zero energy. Finally, one evolves the coupling up to the M Z scale using the standard assumption that α M S (µ) has no discontinuity at the thresholds for quark production.
By applying this procedure to our result we obtain
Even if this method gives results compatible with the first unquenched calculations, see [13] , we think that the use of the two-loop asymptotic formula at low scales is very questionable, as it introduces a systematic error which is difficult to estimate.
A different approach starts from the experimental result for α M S as measured in τ −decays:
which implies Λ 
may be a reasonable one to estimate the effect of quenching. The advantage of this procedure, as compared to the previous one, is that here one does not need to run the coupling backwards into low momentum scales, and also one has a direct estimate of the error involved in the approximation.
By assuming again that α M S (µ) has no discontinuity at the quark thresholds, one can evolve the coupling up to the M Z scale with the result:
where the first error is dominated by the systematic uncertainty on the values of a −1 , and the second one keeps into account the residual effect of quenching in the approximation Λ
By averaging the two results one would finally obtain:
The above number should not be taken as a prediction; it is just an encouraging indication. Our main purpose in this paper is to demonstrate that our procedure works in the quarkless theory and to argue that the extension to the full theory presents in principle no extra problems.
Starting from the Lattice
One can apply renormalisation group considerations, analogous to the ones that establish the momentum dependence of the renormalised coupling, to the bare theory. On the lattice, as in any other regularisation scheme, renormalisability implies that the bare coupling constant should be cut-off dependent and, for a small enough, g 0 = g 0 (a) should be a universal function of a. Thus in the scaling region one can define, up to an arbitrary integration constant, a a-independent ΛLATT parameter, in terms of the lattice spacing and of the bare lattice coupling as
In the asymptotic scaling region a → 0 and g 0 (a) → 0, where the β-function is perturbatively computable, one can fix the integration constant by defining ΛLATT as
independent of a in the asymptotic scaling limit. Note that, whereas we find asymptotic scaling for the renormalised coupling for momenta q > 2 GeV, see eq. (15) and Fig.(3) , this does not necessarily imply that the asymptotic regime has already set in for the bare coupling used in the simulation. As a check, which involves lattice perturbation theory, we can 1. take the non-perturbative determination of Λ M OM , 2. compute the ratio ΛLATT /Λ M OM in lattice perturbation theory 3. extract ΛLATT from
and compare the value obtained from eq.(30) with the one from eq.(29).
The ratio
has been calculated at 1-loop by Hasenfratz and Hasenfratz [14] in the Feynman gauge λ = 1, where λ here is the gauge parameter. They found
We have checked their result by working in a general covariant gauge. The details of the LPTH calculation are given in the appendix. In the Landau gauge, we get
The number that we need to insert in (30) is not quite the above one, because of the already mentioned extra term in the vertex renormalisation, not proportional to the tree level vertex. In our scheme the result is
By inserting it into eq.(30), and using the result (16), one would get ΛLATT = 11.6 MeV,
to be compared with ΛLATT = 4.5 MeV (36) obtained from the hypothesis of asymptotic scaling, eq.(29), with g 2 0 = 1 and a −1 = 1.9 GeV. The comparison confirms the well known result that for values of β accessible to current simulations, ΛLATT still displays β-dependence [4] . We stress again that in our case the matching procedure, described in the previous subsection, does not require knowledge of ΛLATT .
Another way of seeing the failure of LPTH in this case is to compare the non-perturbative results for g 2 R (µ) with what is obtained by inserting in the relation
the values of the Z's obtained in LPTH and "boosted" lattice perturbation theory [6] . This comparison is shown in Fig.(5) . Finally, we can perform a cross-check of our perturbative calculations on the lattice and in the continuum as follows. It is known [15] that at the one-loop level
This is a gauge invariant quantity, since Λ M S and ΛLATT are both gauge independent. We can insert in the identity
our continuum result for Λ M S /Λ M OM and the lattice one for Λ M OM /ΛLATT , which we have evaluated for a generic covariant gauge. For any value of λ we get indeed the value (38) found in the literature.
Conclusions
We have shown in the pure glue theory that a non-perturbative determination of the QCD running coupling can be obtained from first principles by a lattice study of the triple gluon vertex. We have some evidence that systematic lattice effects are under control in our calculation. The main features of our method are that LPTH is not needed to match our results to MS and that the extension to the full theory does not present in principle any extra problem. For this reason, we think that our results are very encouraging in view of repeating our calculation with dynamical quarks. Before doing this, we plan to further investigate the pure glue theory by increasing the physical volume and the range of β values for our lattices, in order to obtain conclusive evidence that infrared and ultraviolet cutoff effects are under control.
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The We thank C. Michael, O. Pène and G.C. Rossi for many helpful suggestions and reading the manuscript. in the two schemes, one finds that the coefficient A M S, M OM , which relates the two couplings according to (18) , is given by the expression
where
is the finite contribution coming from the gluon self-energy at one-loop [18] . By setting λ = 0, we obtain the result in the Landau gauge
Finally, the ratio (19) of the Λ parameters is obtained from
where b 0 = 11 16π 2 in the quenched approximation. Turning now to our lattice calculations, we observe that the part of the 1-loop three-gluon vertex on the lattice that is proportional to the tree-level vertex can be written as 
where A L and A M S stand for the (momentum dependent) lattice and continuum (MS scheme) contributions respectively. The quantity C L , which relates the pure lattice result to the MS scheme, is momentum independent. Extra terms not proportional to the tree-level vertex are equal on the lattice and in the continuum, thus they do not contribute to C L , which can be computed by evaluating the diagrams of Fig.(6) . 
In these equations L, Z 0 and J are [16, 17] L ≡ ln µ 2 a 2 + γ euler − ln 4π 
Finally µ is the mass scale introduced during the dimensional regularisation of the continuum MS scheme. These formulae are valid for the gauge group SU(N). Notice that both A L and A M S depend on λ, λ 2 and λ 3 , while C L depends only on λ.
Collecting all contributions in eq. (50), we obtain the result for C L
Now, using the results of reference [19] we get the result for A L in the Landau gauge
